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Abstract
The main object of the present paper is to establish new fractional integral formulas
(of Marichev-Saigo-Maeda type) involving the products of the multivariable
H-functions and the ﬁrst class of multivariable polynomials due to Srivastava and
Garg. All the results derived here are of general character and can yield a number of
(new and known) results in the theory of fractional calculus.
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1 Introduction
Nowadays, fractional calculus is used as a mathematical tool for modeling the processes
in engineering, mathematical economics, physics, chemistry, biology and other branches
of science (see [–]). Motivated by the above mentioned works, here we aim to es-
tablish two new fractional integral formulas (of Marichev-Saigo-Maeda type) involving
the product of multivariable H-functions and the ﬁrst class of multivariable polynomials
Sm,...,msn (x, . . . ,xs). The so-called Marichev-Saigo-Maeda generalized fractional operators
were introduced nearly  years ago by Marichev [] and studied in some recent pa-
pers, including the papers by Saigo and Maeda [] and by Saxena and Saigo []. Due
to the usefulness and the importance of the Marichev-Saigo-Maeda fractional integral
operators, many authors have presented a number of interesting integral formulas involv-
ing special functions by using theMarichev-Saigo-Maeda fractional integral operator (see
[, –]). By virtue of the uniﬁed nature of Marichev-Saigo-Maeda fractional integral
operators, a large number of new and known results involving Saigo, Riemann-Liouville
and Erdélyi-Kober fractional integral operators follow as special cases of our main formu-
las.
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f (t)dt (Reη > ), (.)
to the multivariable H-functions (see, e.g., [, ]) and the ﬁrst class of multivariable
polynomials Sm,...,msn (x, . . . ,xs) given by (.).
A variant of such operators (integral transforms) was introduced by Marichev [] as
Mellin type convolution operators with a special function F(·) in the kernel. These oper-
ators were rediscovered and studied by Saigo in [] as a generalization of the so-called
Saigo fractional integral operators, see []. The properties of these operatorswere studied
by Saigo and Maeda []. In particular, relations of the operators with the Mellin trans-
forms, hypergeometric operators (or Saigo fractional integral operators), their decompo-
sitions and acting properties in the McBride spaces Fp;μ (see []) were found.
In (.), (.) the symbol F(·) denotes the so-called rd Appell function (known also as
Horn function) (see [], p.):
F
(










{|x|, |y|} < ). (.)
The properties of this function are discussed in [], pp.-. In particular, its relation
to the Gauss hypergeometric function is presented:
F(α,η – α;β ,η – β ;η;x; y) = F(α,β ;η;x + y – xy).
It is known that the rd Appell function cannot be expressed as a product of two F func-
tions and satisfy pairs of linear partial diﬀerential equations of the second order.
Operators (.), (.) can be reduced to the fractional integral operators introduced by
Saigo [] due to the following relations:
Iα,,β ,β
′ ,γ
,x f (x) = I
γ ,α–γ ,–β
,x f (x) (γ ∈C) (.)
and
Iα,,β ,β ′ ,γx,∞ f (x) = Iγ ,α–γ ,–βx,∞ f (x) (γ ∈C). (.)
The multivariable H-function, introduced by Srivastava and Panda in a series of research
papers (see [], p., Eq. (.), [], p., Eq. (.) and [, ]), can be deﬁned and
represented in the following manner (see, e.g., [], p., Eq. (C.)):a
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where
φ(ξ, . . . , ξr) =
∏n











































, ∀i ∈ {, , . . . , r}. (.)
In these formulas, for any i = , . . . , r, Li represents the contours which start at the point
τi – ω∞ and go τi + ω∞ with τi ∈ R = (–∞,∞) such that all the poles of (d(i)j – δ(i)j ξi),
j = , . . . ,mi; i = , . . . , r, are separated from those of (– c(i)j +γ
(i)
j ξi), j = , . . . ,ni; i = , . . . , r,




j ξi), j = , . . . ,n. Here, the integers n, p, q, mi, ni, pi, qi satisfy the
inequalities ≤ n≤ p; q ≥ , ≤mi ≤ qi and ≤ ni ≤ pi, i = , . . . , r.
Further, suppose that the parameters aj, j = , . . . ,p; c(i)j , j = , . . . ,pi; i = , . . . , r, bj, j =
, . . . ,q; d(i)j , j = , . . . ,qi; i = , . . . , r, are complex numbers, while the associated coeﬃcients
α
(i)
j , j = , . . . ,p; i = , . . . , r; γ
(i)
j , j = , . . . ,pi; i = , . . . , r, β
(i)
j , j = , . . . ,q; i = , . . . , r; δ
(i)
j , j =

























































j > . (.)
It is assumed that the poles of integrand of (.) are simple. Under the conditions (.)




∣ < π i, i = , . . . , r, (.)
and points zi = , i = , . . . , r, and various exceptional parameter values being tacitly ex-
cluded.
From Srivastava and Panda [], we have
H[z, . . . , zr] = o





] → , (.)





], i = , . . . , r.
If n =  in (.), then the following asymptotic expansion (Srivastava and Panda [])
holds:
H[z, . . . , zr] = o





] → ∞, (.)





], i = , . . . , r, provided that (.), (.) and (.) hold true.
Remark  When n = , the multivariable H-function deﬁned by (.) reduces to the
H-function of two variables studied by Mittal and Gupta []. The H-function of two
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variables is also deﬁned and studied by Munot and Kalla [], Verma [] and Hai and
Yakubovich [].
Remark  It is interesting to observe that for n = p = q = , the multivariable H-function













– : {(c(r)j ,γ (r)j ),pr }











{(c(i)j ,γ (i)j ),pi}
{(d(i)j , δ(i)j ),qi}
]
. (.)
Remark  The function deﬁned by (.) was introduced and studied by Srivastava and
Panda []. When α()j = · · · = α(r)j , j = , . . . ,p; β ()j = · · · = β (r)j , j = , . . . ,q, in (.) the mul-
tivariable H-function deﬁned and studied by Saxena [, ] is obtained. In case all the
Greek letters are assumed to be unity, theH-function of several complex variables (.) re-
duces to theG-function of several complex variables studied byKhadia andGoyal [, ].
Remark  Fractional integrals involving multivariable H-functions are given in a series
of papers by Saigo and Saxena [–], Srivastava and Hussain [], Saigo et al. [] and
others.
In the sequel, Srivastava and Garg [], p., Eq. (.), introduced the multivari-
able analogue of the polynomials Smn (x). This ﬁrst class of multivariable polynomials
Sm,...,msn (x, . . . ,xs) is deﬁned by
Sm,...,msn (x, . . . ,xs) =
mk+···+msks≤n∑
k,...,ks=
(–n)mk+···+msks(n;k, . . . ,ks)
xk · · ·xkss
k! · · ·ks! , (.)
wherem, . . . ,ms are arbitrary positive integers and the coeﬃcients (n;k, . . . ,ks) (n,ki ≥
, i = , . . . , s) are arbitrary constants, real or complex.
2 Main results
In this section, we prove two theorems on composition of theMarichev-Saigo-Maeda op-
erators with the product of a multivariable H-function and the ﬁrst class of multivariable
polynomials. We start with presenting image formulas involving Marichev-Saigo-Maeda
fractional integral operators.
Lemma  (see []) Let α,α′,β ,β ′,γ ∈C.
If 	(γ ) > , 	(p) > max[,	(α + α′ + β – γ ),	(α′ – β ′)], then
Iα,α
′ ,β ,β ′ ,γ
,x xρ– = xρ–α–α
′+γ– (ρ)(ρ + γ – α – α′ – β)(ρ + β ′ – α′)
(ρ + γ – α – α′)(ρ + γ – α′ – β)(ρ + β ′) . (.)
If 	(γ ) > , 	(p) <  + min[	(–β),	(α + α′ – γ ),	(α + β ′ – γ )], then
Iα,α′ ,β ,β ′ ,γx,∞ xρ– = xρ–α–α
′+γ–
× ( + α + α
′ – γ – ρ)( + α + β ′ – γ – ρ)( – β – ρ)
( – ρ)( + α + α′ + β ′ – γ – ρ)( + α – β – ρ) . (.)
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Theorem  Let 	(γ ) >  and α,α′,β ,β ′,γ ,μ,η, δj, vi, zi,a,b, cj ∈ C, λj,σi >  (i ∈ {, . . . , r};
j ∈ {, . . . , s}). Let the following conditions be satisﬁed, too:











































] <	(μ) + min[	(α′),	(β ′),	(γ – α – β)].
























,	(α + α′ + β – γ ),	(α′ – β ′)] (i = , . . . , r).
(.)
Then the following result holds:
{
Iα,α





ctλ (b – at)–δ , . . . , cstλs (b – at)–δs
]







k! · · ·ks! (n;k, . . . ,ks)c
k






















(aj;α()j , . . . ,α
(r)
j ),p,A : {(c(r)j ,γ (r)j ),pr }; –
(bj;β ()j , . . . ,β
(r)









 – η –
s∑
j=











 –μ – γ + α + α′ + β –
s∑
j=




 –μ + α′ – β ′ –
s∑
j=
λjkj;σ, . . . ,σr , 
)




 – η –
s∑
j=




 –μ – γ + α + α′ –
s∑
j=
λjkj;σ, . . . ,σr , 
)
(
 –μ – γ + α′ + β –
s∑
j=




 –μ – β ′ –
s∑
j=
λjkj;σ, . . . ,σr , 
)
.
Theorem  Let α,α′,β ,β ′,γ ,μ,η, δj, vi, zi,a,b, cj ∈ C, λj,σi >  (i ∈ {, . . . , r}; j ∈ {, . . . , s})










<  + max










<  + max
[	(–β),	(α + α′ – γ ),	(α + β ′ – γ )],
and the conditions (i)-(iii) in Theorem  are also satisﬁed.
Then the following result holds:
{
Iα,α





ctλ (b – at)–δ , . . . , cstλs (b – at)–δs
]







k! · · ·ks! (n;k, . . . ,ks)c
k






















(aj;α()j , . . . ,α
(r)
j ),p,C : {(c(r)j ,γ (r)j ),pr }; –
(bj;β ()j , . . . ,β
(r)









 – η –
s∑
j=











 + α + α′ + β ′ –μ – γ –
s∑
j=




 + α – β –μ –
s∑
j=
λjkj;σ, . . . ,σr , 
)




 – η –
s∑
j=




 –μ – γ + α + α′ –
s∑
j=
λjkj;σ, . . . ,σr , 
)
(
 –μ – γ + α + β ′ –
s∑
j=




 –μ – β –
s∑
j=
λjkj;σ, . . . ,σr , 
)
.
Proof For convenience, let the left-hand side of (.) be denoted by I . Applying the
Marichev-Saigo-Maeda generalized fractional operators (.) to the LHS of (.) andmak-











k! · · ·ks! (n;k, . . . ,ks)
× (ctλ (b – at)δ
)k · · · (cstλs (b – at)δs












zitσi (b – at)νi
)ξi dξ · · · dξr
)}
(x). (.)





k! · · ·ks! (n;k, . . . ,ks)c
k






























(x)dξ · · · dξr
]
. (.)




i= σiξi and applying the Mellin-





k! · · ·ks! (n;k, . . . ,ks)c
k
































i= σiξi)(ξr+ + )








(x)dξ · · · dξr
]
. (.)
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Applying (.) to (.) and re-interpreting the Mellin-Barnes counter integral in terms
of the multivariable H-function of r +  variables, we obtain the right-hand side of (.)
after a few simpliﬁcations.
Assertion (.) of Theorem  can be proved in a similar manner by using (.) of
Lemma . So, we omit the details of the proof of Theorem . 
Here, we derive certain, presumably, new formulas involving Marichev-Saigo-Maeda
type fractional integral operators. By setting n = p = q =  in (.) and (.), respectively,
we obtain two fractional integral formulas involving product of the r, H-functions stated
in Corollaries  and  below.
Corollary  Let α,α′,β ,β ′,γ ,μ,η, δj, vi, zi,a,b, cj ∈ C, λj,σi >  (i ∈ {, . . . r}; j ∈ {, . . . , s})
and 	(γ ) > . Then the following relation holds true:
{
Iα,α























k! · · ·ks! (n;k, . . . ,ks)c
k














A : (c(r)j ,γ
(r)
j ),pi ; –
B : (d(r)j , δ
(r)
j ),qi ; (, )
]
, (.)
where A and B are given in Theorem  and Hm,np,q (·) is the familiar Fox H-function.
Corollary  Let α,α′,β ,β ′,γ ,μ,η, δj, vi, zi,a,b, cj ∈ C, λj,σi >  (i ∈ {, . . . , r}; j ∈ {, . . . , s})
and 	(γ ) > . Then the following result holds true:
{
Iα,α























k! · · ·ks! (n;k, . . . ,ks)c
k















C′ : (c(r)j ,γ
(r)
j ),pi ; –
D′ : (d(r)j , δ
(r)






 – η –
s∑
j=







λjkj;σ, . . . ,σr , 
)
,
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(
 –μ – γ + α + α′ + β ′ –
s∑
j=




 –μ + α – β –
s∑
j=





 – η –
s∑
j=




 –μ – γ + α + α′ –
s∑
j=




 –μ – γ + α + β ′ –
s∑
j=




 –μ – β –
s∑
j=
λjkj;σ, . . . ,σr , 
)
,
where Hm,np,q (·) is the familiar Fox H-function.
Interestingly, in view of relation (.), we arrive at the following corollaries concerning
Saigo fractional integral operator. It is similar to the results due to Agarwal [], p. and
p., Eqs. () and ().
Corollary  Let α,β ,γ ,μ,η, δj, vi, zi,a,b, cj ∈ C, λj,σi >  (i ∈ {, . . . , r}; j ∈ {, . . . , s}), and
	(α) > . Let the following conditions be satisﬁed, too:










































































ctλ (b – at)–δ , . . . , cstλs (b – at)–δs
]







k! · · ·ks! (n;k, . . . ,ks)c
k
 · · · ckss






















(aj;α()j , . . . ,α
(r)
j ),p,A′ : {(c(r)j ,γ (r)j ),pr }; –
(bj;β ()j , . . . ,β
(r)









 – η –
s∑
j=











 –μ – γ + β –
s∑
j=





 – η –
s∑
j=




 –μ + β –
s∑
j=
λjkj;σ, . . . ,σr , 
)
(
 –μ – γ – α –
s∑
j=
λjkj;σ, . . . ,σr , 
)
,
and the conditions of existence of the above corollary follow easily from Theorem .
Corollary  Let α,β ,γ ,μ,η, δj, vi, zi,a,b, cj ∈ C, λj,σi >  (i ∈ {, . . . , r}; j ∈ {, . . . , s}), and
	(α) > . Let the following conditions be satisﬁed, too:










































<  + max










<  + max
[	(β),	(γ )] (i = , . . . , r).






ctλ (b – at)–δ , . . . , cstλs (b – at)–δs
]







k! · · ·ks! (n;k, . . . ,ks)c
k
 · · · ckss






















(aj;α()j , . . . ,α
(r)
j ),p,C′′ : {(c(r)j ,γ (r)j ),pr }; –
(bj;β ()j , . . . ,β
(r)









 – η –
s∑
j=











 + α + β –μ – γ –
s∑
j=





 – η –
s∑
j=




 – γ –μ –
s∑
j=
λjkj;σ, . . . ,σr , 
)
(
 + β –μ –
s∑
j=
λjkj;σ, . . . ,σr , 
)
,
and the conditions of existence of the above corollary follow easily from Theorem .
Remark  By putting β = –α and β =  in Corollaries  and , respectively, we can ob-
tain very interesting results involving the Riemann-Liouville and Erdélyi-Kober fractional
integral operators.
3 Special cases and concluding remarks
Here we consider another variation of the results derived in the preceding sections. The
multivariable H-function occurring in these results can be suitably specialized to yield a
wide variety of special functions (or product of such functions) of one or more variables
(see [], pp.-, -, - and []). Again, by suitably specializing the coeﬃcient
of the ﬁrst class of multivariable polynomials, it can be reduced to other multivariable hy-
pergeometric polynomials and classical orthogonal polynomials of one or more variables.
(i) If we reduce the multivariable H-functions into the product of two Fox H-functions
in Theorem  and then reduce oneH-function to the exponential function by taking σ = ,
v → , we obtain the following result after a little simpliﬁcation:
{
Iα,α




















k! · · ·ks! (n;k, . . . ,ks)c
k
 · · · ckss

















E : (cj,γj),p ; –







 – η –
s∑
j=


























 – η –
s∑
j=
























The conditions of validity of the above result easily follow from Theorem .
Remark  If we reduce the Marichev-Saigo-Maeda type fractional integral operator into
the Riemann-Liouville fractional integral operator and put Sm,...,msn = , η, v = , andmake
a suitable adjustment in the parameters in the above equation, then we obtain the known
result by Kilbas and Saigo [], p., Eq. (..); in addition, if we put Smjnj = , η, v = ,
z = /, σ =  and reduce the Fox H-function to the Bessel function of the ﬁrst kind,
then we obtain the known result given by Kilbas and Sebastian [], p., Eqs. ()-().
(ii) Next if we take z,σ =  and v =  in the result (.) and reduce the H-function
of one variable to a generalized Mittag-Leﬄer function [] (see also []), we can easily
obtain the following result after a few simpliﬁcations:
{
Iα,α
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s∑
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 –μ – γ + α + α′ + β –
s∑
j=




 –μ + α′ – β ′ –
s∑
j=





 – η –
s∑
j=




 –μ – γ + α + α′ –
s∑
j=




 –μ – γ + α′ + β –
s∑
j=




 –μ – β ′ –
s∑
j=
λjkj; , , 
)
.
The conditions of validity of (.) can be easily followed directly by those given with
(.).
Remark  If we reduce the Marichev-Saigo-Maeda type fractional integral operator to
the Riemann-Liouville fractional integral operator and set Sm,...,msn = , η, v = , and make
a suitable adjustment in the parameters in equation (.), then we arrive at the known
result given by Saxena et al. [], p., Eq. (.).
(iii) Again, if we reduce theH-function of one variable to the generalizedWright hyper-
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F =
(
 – η –
s∑
j=
























(iv) Further Theorem , if we reduce the multivariable H-function to the product of
r-diﬀerent Whittaker functions [], p., Eq. (..), and take vi → , σi = , then we
arrive at the following result:
{
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s∑
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 – η –
s∑
j=






 –μ – γ + α + α′ –
s∑
j=






 –μ – γ + α′ + β –
s∑
j=






 –μ – β ′ –
s∑
j=





The conditions of validity of the above result easily follow from Theorem .
Remark  If we reduce the Marichev-Saigo-Maeda type fractional integral operator to
the Riemann-Liouville fractional integral operator and set Sm,...,msn = , η, v = , and make
a suitable adjustment in the parameters in equation (.), we arrive at the known result
given by Kilbas [], p., Eq. ().
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(v) Finally, if we reduce the multivariable H-function into the product of two Fox
H-functions in Theorem  and then reduce one H-function to the exponential function
by setting σ, λj, v, δj = , cj, s =  and Smn to the Hermite polynomial [, ], and we set
Sn[x] = xn/Hn[ √x ], in this case m = , An,k = (–)
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The conditions of validity of the above result can be easily derived from Theorem .
A large number of other special cases of our main result can also be obtained, but we do
not mention them here on account of the lack of space.
Now, we conclude our present investigation by remarking that the fractional integration
(ofMarichev-Saigo-Maeda type) of the products ofmultivariableH-functions and the ﬁrst
class of multivariable polynomials established in this paper will be useful for investigators
in various disciplines of applied sciences and engineering physics. We are also trying to
ﬁnd certain possible applications of those results presented here to some other research
areas, for example, obtaining a closed form solution of a fractional generalization of a free
electron equation.
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